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Abstract

It has been demonstrated that active variable stiffness (AVS) systems may be effective for response
control of building structures subjected to earthquake excitations. Because the performance of structures
with AVS systems exhibits strong nonlinearity, the classical dynamic analysis method for linear structures,
such as the mode-superposition method, is not applicable to structures with AVS systems. In this paper, an
approximate analysis method is proposed for the maximum interstorey shear forces in structures with AVS
systems. Firstly, a new equivalent relationship between single-degree-of-freedom (sdof) structures with AVS
systems and so-called fictitious linear structures is established. Then, the new equivalent relationship is used
to revise the approximate-mode-superposition (AMS) approach for multi-degree-of-freedom (mdof)
structures with AVS systems, which was previously suggested by the authors. Subsequently, extensive
numerical studies are conducted using the revised AMS approach for building structures equipped with
AVS systems and subjected to different types of artificial earthquake excitations. Based on the simulation
results, an approximate analysis method is proposed for the maximum interstorey shear forces in structures
with AVS systems. The maximum interstorey shear forces in example structures subjected to actual
earthquake excitations are obtained using the proposed method, and the results are compared with those
obtained using the time-history analysis method. It is shown that the results estimated using the proposed
method generally agree well with those obtained using the time-history analysis method.
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1. Introduction

It has been demonstrated that active variable stiffness (AVS) systems, introduced originally by
Kobori at the end of the 1980s, may be effective for response control of building structures
subjected to earthquake excitations. Owing to the advantage of no demands for extensive power
and energy, the AVS systems have received considerable attention in recent years. Extensive efforts
have been devoted to the theoretical and practical development of the AVS systems. Different kinds
of control algorithms for the AVS systems have been well investigated by many researchers [1–9].
The effect of the AVS systems on the reduction of seismic responses of high-rise building structures
has been demonstrated in papers [10–12]. Such systems have also been tested experimentally and
installed on a full-scale test building in Japan [3,13–17]. In the 1990s, the control effectiveness of the
AVS systems was verified through a number of observation records [4,18], and some valuable
experience concerning the maintenance of the systems was accumulated [5].
The AVS systems consist of stand-by bracings attached to selected storey units of building

structures, and the locking and unlocking devices. During an earthquake ground motion, some of
the bracings may be locked at a particular time instant, leading to an increase in the stiffness of the
corresponding storey units. The locking and unlocking of different bracings at each time instant
are regulated by a control algorithm to reduce the structural seismic responses. One of the control
algorithms proposed by Kobori and Kamagata is based on the engineering insight as follows.
Since the locking of bracing increases the stiffness restoring force, the stand-by bracing should be
locked if the interstorey drift, xðtÞ; and its velocity, _xðtÞ; are both positive or both negative
(i.e., xðtÞ _xðtÞ40). On the other hand, if xðtÞ and _xðtÞ are in the opposite direction (i.e., xðtÞ _xðtÞo0),
then the stand-by bracing should be unlocked. Such a control algorithm is adopted in this
study because of its explicit engineering insight, simple expression form and effectiveness in
response control.
The dynamics of structures with AVS systems are highly nonlinear. Therefore, the classical

dynamic analysis method for linear structures, such as the mode-superposition method, is not
applicable to building structures with AVS systems. At present, the seismic analysis of structures
equipped with AVS systems is always conducted using the time-history analysis method, which is
obviously inconvenient to be applied in engineering practice. In paper [19], an equivalent
relationship between single-degree-of-freedom (sdof) structures with AVS systems and so-called
fictitious linear structures was firstly proposed by the authors, and then an approximate-mode-
superposition (AMS) approach for multi-degree-of-freedom (mdof) structures with AVS systems
was suggested. Finally an approximate analysis method for displacement responses of structures
with AVS systems was developed. It has been proven that the approximate analysis method is
effective in estimating the maximum relative displacements and the maximum interstorey drifts of
structures with AVS systems. In this paper, a new equivalent relationship between sdof structures
with AVS systems and so-called fictitious linear structures, which is different from that previously
proposed by the authors, is established firstly, and then the new equivalent relationship is used to
revise the AMS approach suggested in paper [19]. Subsequently, extensive numerical studies are
conducted using the revised AMS approach for 5-, 8- and 12-storey building structures equipped
with AVS systems and subjected to different types of artificial earthquake excitations. Based on
the simulation results, an approximate analysis method is presented for the maximum interstorey
shear forces in structures with AVS systems. The accuracy and efficiency of the proposed method
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are investigated through extensive numerical simulations. It is shown that the maximum
interstorey shear forces estimated using the proposed method are generally in good agreement
with those obtained using the time-history analysis method.
2. New equivalent relationship between sdof structures with AVS systems and so-called fictitious

linear structures

The equivalent principle, which was adopted in paper [19] to establish an equivalent
relationship between sdof structures with AVS systems and so-called fictitious linear structures,
was that the peak point on the steady-state displacement amplitude–excitation frequency curve of
the fictitious linear structure was in good agreement with that of the sdof active-variable-stiffness
structure. Because the interstorey shear forces in structures are related to the inertial forces and
acceleration responses of structures, a new equivalent principle that the peak point on the steady-
state acceleration amplitude–excitation frequency curve of the fictitious linear structure is in good
agreement with that of the sdof active-variable-stiffness structure is adopted in this study, and
then a new equivalent relationship between sdof structures with AVS systems and so-called
fictitious linear structures is established as follows.
Consider an sdof structure equipped with AVS systems. The equation of motion of the

controlled structure subjected to a sinusoidal excitation may be expressed as

m €x þ c _x þ kx þ
Dk

2
½1þ signðx _xÞ�x ¼ p sinOt (1)

in which m; k and c are the mass, stiffness and damping coefficient of the uncontrolled structure,
respectively; x is the displacement of the controlled structure relative to the ground; Dk is the
additional stiffness provided by the stand-by bracings in the AVS systems; p and O are the
amplitude and frequency of the sinusoidal excitation, respectively; and signð�Þ represents a symbol
function.
Eq. (1) can be rewritten as

€x þ 2xo _x þ o2x þ
o2

a

2
½1þ signðx _xÞ�x ¼

p

m
sinOt, (2)

where o ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
and x ¼ c=2mo are, respectively, the circular frequency and damping ratio of

the uncontrolled structure; oa ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Dk=m

p
is the additional circular frequency due to the stand-by

bracings.
As mentioned above, the following control algorithm proposed by Kobori and Kamagata is

adopted in this study:

if xðtÞ _xðtÞ40 : the stand-by bracings are locked and signðx _xÞ ¼ 1, (3)

if xðtÞ _xðtÞo0 : the stand-by bracings are unlocked and signðx _xÞ ¼ �1. (4)

Consider different cases listed in Table 1. The acceleration time histories of the controlled and
uncontrolled structures for Case 3 with O=2p ¼ 0:4Hz and Case 9 with O=2p ¼ 0:9Hz are,
respectively, shown in Figs. 1(a) and (b). It is observed from these figures that with an increase in
the excitation time, the acceleration response of the controlled structure that involves strong
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Table 1

Cases for numerical simulation

Cases 1 2 3 4 5 6 7 8 9 10 11 12

Dk=k ¼ o2
a=o

2 0.3 0.6 1.0 1.5 2.0 3.0 0.3 0.6 1.0 1.5 2.0 3.0

o=2p (Hz) 0.5 1.0

p=m 1.0

x 0.05

13 14 15 16 17 18 19 20 21 22 23 24

Dk=k ¼ o2
a=o

2 0.3 0.6 1.0 1.5 2.0 3.0 0.3 0.6 1.0 1.5 2.0 3.0

o=2p (Hz) 2.0 3.0

p=m 1.0

x 0.05

Fig. 1. Acceleration time histories of controlled and uncontrolled structures: (a) Case 3 (O=2p ¼ 0:4Hz), (b) Case 9
ðO=2p ¼ 0:9HzÞ:
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nonlinearity is still in an approximately steady state. Similar results are obtained for other cases
and for other frequencies of the sinusoidal excitation. Hence, for each case in Table 1, a steady-
state acceleration amplitude–excitation frequency curve can be obtained for the controlled
structure.



ARTICLE IN PRESS

B. Wu et al. / Journal of Sound and Vibration 286 (2005) 963–980 967
Referring to the steady-state acceleration amplitude–excitation frequency curve of the
controlled structure that is corresponding to a certain case in Table 1, a so-called fictitious
linear structure may be constructed as follows:

€x þ 2xf of _x þ o2
f x ¼

p

m
sinOt, (5)

in which xf and of are, respectively, the damping ratio and circular frequency of the
fictitious linear structure, and may be determined according to the new equivalent principle
that the peak point on the steady-state acceleration amplitude–excitation frequency curve of the
fictitious linear structure is in good agreement with that of the sdof active-variable-stiffness
structure. Let

xf ¼ xþ xe (6)

and

of ¼ ð1þ ZeÞ
1=2o ði:e:; kf ¼ ð1þ ZeÞkÞ, (7)

in which xe and Ze are referred to herein as the equivalent additional damping ratio and equivalent
additional stiffness ratio, respectively, and kf is the stiffness of the fictitious linear structure.
Values of xe and Ze corresponding to different cases in Table 1 are presented in Table 2.

Considering that the value of Dk=k is usually around or less than 1.0 in engineering practice, a
regression analysis is carried out only on the data in Table 2 that corresponds to the cases with
Dk=k ¼ 0:3; 0:6; 1:0 and 1.5. The resulting expressions are

xe ¼ ð�0:0012rþ 0:0001Þo� 0:0185r2 þ 0:0751rþ 0:0086 ð0:5po=2pp3:0Þ, (8)

Ze ¼ ð0:0147r� 0:0031Þoþ 0:4206rþ 0:0334 ð0:5po=2pp3:0Þ, (9)
Table 2

Equivalent additional stiffness ratio Ze and equivalent additional damping ratio xe

Cases 1 2 3 4 5 6 7 8

of (rad/s) 3.38 3.58 3.85 4.10 4.40 4.92 6.80 7.24

Ze 0.16 0.30 0.50 0.70 0.96 1.46 0.17 0.33

xe (%) 2.8 4.5 6.0 7.3 7.9 8.9 2.8 4.4

9 10 11 12 13 14 15 16

of (rad/s) 7.75 8.40 9.06 10.22 13.62 14.64 15.91 17.49

Ze 0.52 0.79 1.08 1.65 0.17 0.36 0.60 0.94

xe (%) 5.9 7.0 7.6 8.5 2.7 4.2 5.3 6.1

17 18 19 20 21 22 23 24

of (rad/s) 19.18 21.76 20.58 22.22 24.36 26.64 29.25 34.11

Ze 1.33 2.00 0.19 0.39 0.67 1.00 1.41 2.27

xe (%) 6.3 6.8 2.4 3.6 4.3 4.7 4.7 3.9
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Fig. 2. Comparison of steady-state acceleration amplitude–excitation frequency curve of fictitious linear structure with

that of controlled structure for Case 9.
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in which r ¼ Dk=k ¼ ðoa=oÞ
2 and 0:3prp1:5: The maximum errors of xe and Ze obtained from

Eqs. (8) and (9) with respect to the corresponding data in Table 2 are 6.65% and 3.99%,
respectively.
Fig. 2 shows the steady-state acceleration amplitude–excitation frequency curve of the

fictitious linear structure against that of the controlled structure for Case 9 in Table 1. As can be
seen, the peak points of the two curves are in good agreement, and the two curves at the right-
hand side of the peak points are also close to each other, but the discrepancy between the two
curves at the left-hand side of the peak points is significant. Similar results are obtained for other
cases in Table 1.
It can be seen from Eqs. (2) and (5) that with a change in the value of and p=m; the acceleration

response of the sdof active-variable-stiffness structure and that of the fictitious linear structure
vary on a same scale, so the values of xe and Ze determined according to the new equivalent
principle are independent of the value of p=m: In this way, although the values of xe and Ze in
Table 2, and Eqs. (8) and (9) are obtained under the condition of p=m ¼ 1; they are still applicable
for other values of p=m:
3. Revised AMS approach for modf structures with AVS systems

The equation of motion for an N-storey building structure equipped with AVS systems in
selected storey units and subjected to a horizontal ground acceleration €xgðtÞ can be written as

M €Xþ C _Xþ KXþHUðtÞ ¼ �MI €xgðtÞ, (10)

in which M; C and K are the mass, damping and stiffness matrices of the uncontrolled
structure, respectively; X is a column vector with the jth element, xj; being the displacement
of the jth floor relative to the ground; I is a column vector of ‘‘ones’’; H is a constant
matrix depending on the locations of the AVS systems; and UðtÞ is a control force vector with
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the jth element, ujðtÞ; being

ujðtÞ ¼ gjðtÞDkjðxj � xj�1Þ ðjX1Þ, (11)

in which x0 ¼ 0 and Dkj is the additional stiffness provided by the stand-by bracings of the AVS
systems installed in the jth storey unit. If there is no AVS system installed in the jth storey unit,
then Dkj ¼ 0 and ujðtÞ ¼ 0:
The control algorithm described in Eqs. (3) and (4) may be applied to the N-storey building

structure with AVS systems too, but xðtÞ and _xðtÞ shown in these equations should be,
respectively, replaced by the interstorey drift and its velocity of the N-storey controlled structure.
In this way, gjðtÞ in Eq. (11) may be determined as

if ðxj � xj�1Þð _xj � _xj�1Þ40 ðjX1Þ:

Stand-by bracings of the AVS systems installed in the jth storey are locked, and gjðtÞ ¼ 1,

(12)

if ðxj � xj�1Þð _xj � _xj�1Þo0 ðjX1Þ:

Stand-by bracings of the AVS systems installed in the jth storey are unlocked, and gjðtÞ ¼ 0

(13)

in which x0 ¼ 0 and _x0 ¼ 0:
For the uncontrolled structure, the mode-shape matrix U; modal circular frequency vector x

and modal damping ratio vector n are, respectively, expressed as

U ¼ ½u1; . . . ;ui; . . . ;uN �; x ¼ ½o1; . . . ;oi; . . . ;oN �
T; n ¼ ½x1; . . . ; xi; . . . ; xN �

T, (14)

in which ui; oi and xi are, respectively, the ith mode-shape vector, the ith-mode circular frequency
and the ith-mode damping ratio.
For an extreme condition that all the stand-by bracings in the structure are locked, the mass

and damping matrices of the controlled structure are, respectively, identical withM and C given in
Eq. (10), but now the stiffness matrix of the controlled structure has a form of Kþ DKmax; in
which, DKmax is the additional stiffness matrix due to all the stand-by bracings in the structure,
and has the same form as K except that kj (i.e., the stiffness of the jth storey unit of the
uncontrolled structure) in K is replaced by the additional stiffness Dkj in DKmax: For the extreme
condition, the mode-shape matrix and the modal circular frequency vector of the controlled
structure are, respectively, written as

Uc ¼ ½uc1; . . . ;uci; . . . ;ucN �; xc ¼ ½oc1; . . . ;oci; . . . ;ocN �
T. (15)

Suppose the dynamic response of the N-storey building structure with AVS systems may be
approximately expressed as

X 	
Xl

r¼1

qrðtÞur ðlpNÞ, (16)

in which qrðtÞ ðr ¼ 1; 2; . . . ;NÞ is the rth-mode coordinate.
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Introducing the expression of X into Eq. (10), and then premultiplying each term in this
equation by uT

i gives

uT
i M

Xl

r¼1

ur €qrðtÞ þ uT
i C

Xl

r¼1

ur _qrðtÞ þ uT
i ðKþ DKÞ

Xl

r¼1

urqrðtÞ ¼ �uT
i MI €xgðtÞ, (17)

in which DK is the additional stiffness matrix provided by the stand-by bracings in the structure.
For the extreme condition mentioned above, we have DK ¼ DKmax; but for another extreme
condition that all the stand-by bracings in the structure are unlocked, DK is a null matrix. In
general conditions, i.e., some stand-by bracings are locked and the others are unlocked, DK varies
from a null matrix to DKmax:
Because the mass and damping matrices of the uncontrolled structure satisfy the orthogonality

condition, Eq. (17) may be rewritten as

€qiðtÞ þ 2xioi _qiðtÞ þ
uT

i ðKþ DKÞ
Pl

r¼1urqrðtÞ

uT
i Mui

¼ �gi €xgðtÞ, (18)

in which gi ¼ uT
i MI=uT

i Mui:
Suppose the controlled structure vibrates only in the ith mode. Here, only two states exist for all

the stand-by bracings in the structure: locked simultaneously or unlocked simultaneously [20].
When qiðtÞ _qiðtÞ40; all the stand-by bracings are locked and DK is equal to DKmax . In this case,
replacing the elements of U; in the third term on the left-hand side of Eq. (18), approximately by
the corresponding elements of Uc gives

€qiðtÞ þ 2xioi _qiðtÞ þ o2
ciqiðtÞ ¼ �gi €xgðtÞ. (19)

On the other hand, when qiðtÞ _qiðtÞo0; all the stand-by bracings are unlocked and DK is equal to a
null matrix. In this case, Eq. (18) may be further written as

€qiðtÞ þ 2xioi _qiðtÞ þ o2
i qiðtÞ ¼ �gi €xgðtÞ. (20)

Eqs. (19) and (20) may be regarded as two special cases of a sdof active-variable-stiffness system
that is

€qiðtÞ þ 2xioi _qiðtÞ þ o2
i qiðtÞ þ

o2
ci � o2

i

2
½1þ signðqi _qiÞ�qiðtÞ ¼ �gi €xgðtÞ. (21)

It is observed that the left-hand side of Eq. (21) has a similar form as that of Eq. (2), except that
o2

a in Eq. (2) is replaced by o2
ci � o2

i in Eq. (21). Hence, referring to the new equivalent
relationship between sdof structures with AVS systems and so-called fictitious linear structures
discussed in Section 2, the left-hand side of Eq. (21) may be approximately expressed in a form,
which is similar to that of Eq. (5), as

€qiðtÞ þ 2xfiofi _qiðtÞ þ o2
fiqiðtÞ ¼ �gi €xgðtÞ, (22)

in which xfi and ofi may be, respectively, written as xfi ¼ xi þ xe and ofi ¼ ð1þ ZeÞ
1=2oi; according

to Eqs. (6) and (7), and here xe and Ze are, respectively, determined by Eqs. (8) and (9) with o
¼ oi and r ¼ ðo2

ci � o2
i Þ=o

2
i :
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The ith-mode coordinate qiðtÞ may be obtained by solving Eq. (22), and then the dynamic
response of the N-storey structure with AVS systems can be approximately determined according
to Eq. (16).
4. Approximate analysis method for maximum interstorey shear forces in structures with AVS

systems

The maximum interstorey shear force, Vj max; of the jth storey unit of the N-storey building
structure equipped with AVS systems may be written as

Vj max ¼ max
0ptpttotal

jFjðtÞ þ Fjþ1ðtÞ þ � � � þ FNðtÞj, (23)

in which ttotal is the duration of the earthquake excitation €xgðtÞ and FjðtÞ is the inertial force of the
jth storey unit. According to the revised AMS approach proposed in Section 3, FjðtÞ may be
expressed as

FjðtÞ ¼ mj

Xl

r¼1

€qrðtÞjrj þ €xgðtÞ

" #
, (24)

where mj is the mass of the jth floor and jrj is the jth element of the rth mode-shape
vector ur:
Thirty artificial earthquake excitations, corresponding to different earthquake intensities and

different sites, are adopted in this study. The parameters of the 30 artificial earthquake excitations
are listed in Table 3. In generating the artificial earthquakes, the acceleration design spectra
suggested in the Code for Seismic Design of Buildings in China are first transformed into power
spectra, and then the ground acceleration time histories are obtained randomly according to the
power spectra [21]. The 5% damped accceleration response spectra related to the generated
earthquakes are compared with the target design spectra in Figs. 3(a)–(c). As can be seen, in spite
of the scatter of the acceleration response spectra related to the generated earthquakes, they are
still in good agreement with the target design spectra on the whole.
Twenty-seven building structures equipped with AVS systems are considered in this study. The

basic properties of these example structures are listed in Table 4. The Rayleigh damping matrix is
Table 3

Parameters of artificial earthquakes

Classification Site Earthquake Number Average Standard deviation

of artificial intensity of artificial peak ground of peak ground

earthquakes earthquakes acceleration (gal) acceleration (gal)

Group A Class II 9 10 123.26 9.97

Group B Class II 8 10 61.14 6.91

Group C Class III 7 10 32.97 3.75
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Fig. 3. Comparison of acceleration response spectra related to generated earthquakes with target spectra: (a) Group A,

(b) Group B, (c) Group C.
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adopted for any of the uncontrolled example structures, and the damping ratio in the first and the
second modes is specified by x1 ¼ x2 ¼ 0:05:
Extensive numerical simulations, using both the time-history analysis method and the revised

AMS approach, are carried out for the 27 building structures equipped with AVS systems and
subjected to the 30 artificial earthquake excitations.
Eqs. (8) and (9) are suitable only for the condition of 0:5po=2pp3:0: So oi in Eq. (21)

should be restricted to 0:5poi=2pp3:0 to make the transformation from Eq. (21) into
Eq. (22) feasible. In this way, only the first mode is considered in the numerical simulations,
using the revised AMS approach, for structures 1–18, and only the first and the second
modes are considered in the numerical simulations, using the revised AMS approach, for
structures 19–27.
Denoting b as the ratio of the maximum interstorey shear force obtained using the time-history

analysis method to that obtained using the revised AMS approach, the mean value of b; b̄; for any
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Table 4

Basic properties of example structures

Example structure 1 2 3 4 5 6 7 8 9

Total number of storey units

N 5 5 5 5 5 5 5 5 5

Mass of each storey

mj (ton) ðj ¼ 1; 2; . . . ;NÞ 12.3 12.3 12.3 25.0 25.0 25.0 49.0 49.0 49.0

Stiffness of each storey

kj ð10
4 kN=mÞ ðj ¼ 1; 2; . . . ;NÞ 4.87 4.87 4.87 4.87 4.87 4.87 4.87 4.87 4.87

Fundamental period of

uncontrolled structure T (s) 0.35 0.35 0.35 0.5 0.5 0.5 0.7 0.7 0.7

Dkj=kj ðj ¼ 1; 2; . . . ;NÞ 0.3 0.6 1.0 0.3 0.6 1.0 0.3 0.6 1.0

10 11 12 13 14 15 16 17 18

Total number of storey units

N 8 8 8 8 8 8 8 8 8

Mass of each storey

mj (ton) ðj ¼ 1; 2; . . . ;NÞ 105.6 105.6 105.6 216.0 216.0 216.0 310.5 310.5 310.5

Stiffness of each storey

kj ð10
4 kN=mÞ ðj ¼ 1; 2; . . . ;NÞ 25.0 25.0 25.0 25.0 25.0 25.0 25.0 25.0 25.0

Fundamentalperiod of

uncontrolled structure T (s) 0.7 0.7 0.7 1.0 1.0 1.0 1.2 1.2 1.2

Dkj=kj ðj ¼ 1; 2; . . . ;NÞ 0.3 0.6 1.0 0.3 0.6 1.0 0.3 0.6 1.0

19 20 21 22 23 24 25 26 27

Total number of storey units

N 12 12 12 12 12 12 12 12 12

Mass of each storey

mj (ton) ðj ¼ 1; 2; . . . ;NÞ 175.0 175.0 175.0 275.0 275.0 275.0 396.0 396.0 396.0

Stiffness of each storey

kj ð10
4 kN=mÞ ðj ¼ 1; 2; . . . ;NÞ 44.0 44.0 44.0 44.0 44.0 44.0 44.0 44.0 44.0

Fundamental period of

uncontrolled structure T (s) 1.0 1.0 1.0 1.25 1.25 1.25 1.5 1.5 1.5

Dkj=kj ðj ¼ 1; 2; . . . ;NÞ 0.3 0.6 1.0 0.3 0.6 1.0 0.3 0.6 1.0
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example structure is defined as

b̄ ¼

1

30

X30
i¼1

biN ; top floor;

1

30

1

N � 1

X30
i¼1

XN�1

j¼1

bij; other floors;

8>>>>><
>>>>>:

(25)

in which N is the total number of storey units of the example structure and bij ¼ Aij=Bij : Aij and
Bij are the maximum interstorey shear force of the jth storey unit of the example structure
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Table 5

Simulation results of b̄

Example structure 1 2 3 4 5 6 7 8 9

b̄ Top floor 1.3905 2.3277 3.9672 1.3457 1.6422 2.1459 1.3080 1.4504 1.6009

Other floors 1.1718 1.6307 2.6092 1.1153 1.2723 1.5138 1.1050 1.1746 1.3283

10 11 12 13 14 15 16 17 18

b̄ Top floor 1.4022 1.9240 3.0735 1.4360 1.6468 2.0509 1.4245 1.5728 1.7452

Other floors 1.1671 1.3460 1.7131 1.1359 1.2775 1.4858 1.1160 1.2217 1.3878

19 20 21 22 23 24 25 26 27

b̄ Top floor 1.2663 1.6967 2.3479 1.2756 1.4876 1.9229 1.2435 1.4265 1.7027

Other floors 1.1493 1.3268 1.6321 1.1239 1.2773 1.5408 1.0999 1.2173 1.4228
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subjected to the ith input artificial earthquake, but Aij is obtained using the time-history analysis
method and Bij is obtained using the revised AMS approach. The simulation results of b̄ for the 27
example structures are given in Table 5 [22].
A regression analysis is carried out on the data in Table 5. The resulting expressions are:

Dkj=kj ¼ 0:3

ðj ¼ 1; 2; . . . ;NÞ

)
: b̄ ¼

ð0:0092N � 0:0467ÞT�3 � 0:0199N þ 1:4855; top floor;

ð0:0077N � 0:0355ÞT�3 � 0:0010N þ 1:1043; other floors;

(
(26)

Dkj=kj ¼ 0:6

ðj ¼ 1; 2; . . . ;NÞ

)
: b̄ ¼

ð0:0524N � 0:2232ÞT�3 � 0:0116N þ 1:4560; top floor;

ð0:0155N � 0:0564ÞT�3 þ 0:0105N þ 1:0775; other floors;

(
(27)

Dkj=kj ¼ 1:0

ðj ¼ 1; 2; . . . ;NÞ

)
: b̄ ¼

ð0:1554N � 0:6671ÞT�3 � 0:0085N þ 1:4082; top floor;

ð0:0346N � 0:1118ÞT�3 þ 0:0322N þ 0:9811; other floors;

(
(28)

in which T is the fundamental period of the uncontrolled structure and 5pNp12:
Based on Eqs. (26)–(28), an approximate analysis method for the maximum interstorey shear

forces in structures with AVS systems may be proposed as follows: (a) according to the revised
AMS approach presented in Section 3, the maximum interstorey shear force of the jth storey unit,
Vj max; is primarily estimated by using Eqs. (23) and (24), and (b) to improve the accuracy of the
estimated maximum interstorey shear force, a product of Vj max and b̄ is regarded as the final
maximum interstorey shear force of the jth storey unit.
5. Validity of the approximate analysis method for maximum interstorey shear forces in structures

with AVS systems

Consider the 27 example structures listed in Table 4 again. The El Centro (NS component), Taft
(N21E component) and Kobe (NS component) earthquakes, all scaled to a peak ground
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Fig. 4. Maximum interstorey shear forces in example structures under 0:2g El Centro earthquake (NS component): (a)

example structure 4, (b) example structure 11, (c) example structure 25.
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acceleration of 0:2g; are used as the input excitations. The maximum interstorey shear forces in
these example structures subjected to actual earthquake excitations are obtained using the
aforementioned approximate analysis method. Some simulation results are shown in Figs. 4–6.
For comparison, corresponding results determined using the time-history analysis method are also
plotted in these figures.
It is observed from Figs. 4–6 that the maximum interstorey shear forces in example structures

obtained using the proposed method generally agree well with those obtained using the time-
history analysis method. The errors of the maximum interstorey shear forces obtained using the
proposed method with respect to those obtained using the time-history analysis method are
mostly less than 10%.
Now consider an 8-storey uncontrolled building structure given by Yang et al. [9]. The

mass and stiffness of each storey unit are identical with mj ¼ 345:6 ton and kj ¼ 6:8� 105 kN=m;
respectively, for j ¼ 1; 2; . . . ; 8: The Rayleigh damping matrix is adopted for the
uncontrolled structure, and the damping ratio in the first and the second modes is specified
by x1 ¼ x2 ¼ 0:05: The AVS systems are installed in every storey units, and the additional
stiffness provided by the stand-by bracings of the AVS systems installed in the jth storey
unit is Dkj ¼ 0:6kj: The maximum interstorey shear forces in the controlled structure subjected
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Fig. 5. Maximum interstorey shear forces in example structures under 0:2g Taft earthquake (N21E component): (a)

example structure 8, (b) example structure 16, (c) example structure 20.
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to the El Centro (NS component), Taft (N21E component) and Kobe (NS component)
earthquakes, all scaled to a peak ground acceleration of 0:3g; are obtained using the
proposed method. The simulation results are shown in Figs. 7(a)–(c). For comparison,
corresponding results determined using the time-history analysis method are also plotted in
these figures.
It is observed from Figs. 7(a)–(c) that the proposed method is also effective in estimating the

maximum interstorey shear forces in the 8-storey controlled structure subjected to actual
earthquake excitations.
In order to check the effect of the locations of AVS systems on the accuracy of the

proposed method, Figs. 8(a) and (b) show the maximum interstorey shear forces in the 8-storey
building structure with AVS systems located in different selected storey units and subjected
to the El Centro earthquake (NS component) with a peak ground acceleration of 0:3g:
It can be seen from these figures that the proposed method is still effective in approximately
estimating the maximum interstorey shear forces in the 8-storey building structure with AVS
systems located in selected storey units, but the estimating precision is a little lower than that
shown in Figs. 7(a)–(c).
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Fig. 6. Maximum interstorey shear forces in example structures under 0:2g Kobe earthquake (NE component): (a)

example structure 9, (b) example structure 13, (c) example structure 23.
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6. Conclusions

Based on the new equivalent principle that the peak point on the steady-state acceleration
amplitude–excitation frequency curve of the so-called fictitious linear structure is in good
agreement with that of the sdof active-variable-stiffness structure, a new equivalent relationship
between sdof structures with AVS systems and so-called fictitious linear structures is established in
this paper. Then, the approximate-mode-superposition (AMS) approach for mdof structures with
AVS systems, which was previously suggested by the authors, is revised by using the new
equivalent relationship. Subsequently, extensive numerical studies are conducted using the revised
AMS approach for the 27 example structures equipped with AVS systems and subjected to the 30
artificial earthquake excitations, and the simulation results are compared with those obtained
using the time-history analysis method. Based on the simulation results, an approximate analysis
method for the maximum interstorey shear forces in structures with AVS systems is developed.
Finally, the accuracy and efficiency of the proposed method are investigated through extensive
numerical simulations. The maximum interstorey shear forces in the example structures equipped
with AVS systems and subjected to actual earthquake excitations are examined using the
proposed method, and the results are compared with those obtained using the time-history
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Fig. 7. Maximum interstorey shear forces in the 8-storey structure under 0:3g actual earthquakes: (a) maximum

interstorey shear forces in the 8-storey structure under 0:3g El Centro earthquake (NS component), (b) maximum

interstorey shear forces in the 8-storey structure under 0:3g Taft earthquake (N21E component), (c) maximum

interstorey shear forces in the 8-storey structure under 0:3g Kobe earthquake (NE component).

Fig. 8. Maximum interstorey shear forces in the 8-storey structure with AVS systems located in selected storey units

and subjected to 0:3g El Centro earthquake (NS component): (a) AVS systems installed in the first, third, fifth and

seventh storey units, (b) AVS systems installed in the first, second, third and fourth storey units.
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analysis method. It is shown that the maximum interstorey shear forces estimated using the
proposed method are generally in good agreement with those obtained using the time-history
analysis method. The errors of the maximum interstorey shear forces obtained using the proposed
method with respect to those obtained using the time-history analysis method are mostly less than
10% except for several cases. One reason for the errors may be the mutual effect among different
modes of the mdof structures, which is not taken into account definitely in the proposed method
now. On the other hand, replacing the elements of U; in the third term on the left-hand side of Eq.
(18), approximately by the corresponding elements of Uc perhaps has influence on the errors.
Because the proposed method is developed under the condition that AVS systems are installed in
every storey units of the 27 example structures, it is mainly fit for building structures with AVS
systems added in every storey units. But simulation results indicate that the proposed method is
still effective in approximately estimating the maximum interstorey shear forces in structures with
AVS systems located in selected storey units; of course the estimating precision is a little lower
than that for structures with AVS systems located in every storey units. Currently, efforts are
being made to apply the proposed method to the seismic design of building structures with AVS
systems.
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